We examine the effects of f (R) gravity on Jeans analysis of collapsing dust clouds. We provide a method for testing modified gravity models by their effects on star formation as the presence of f (R) gravity is found to modify the limit for collapse. In this analysis we add perturbations to a de Sitter background. As the standard Einstein-Hilbert Lagrangian is modified, new types of dynamics emerge. Depending on the characteristics of a chosen f (R) model, the appearance of new limits is possible. The physicality of these limits is further examined. We find the asymptotic Jeans masses for f (R) theories compared to standard Jeans mass. Through this ratio, the effects of the f (R) modified Jeans mass for viable theories are examined in molecular clouds. Bok globules have a mass range comparable to Jeans masses in question and are therefore used for comparing different f (R) models. Viable theories are found to assist in star formation.
I. INTRODUCTION
The standard cosmological model, also called the concordance model [1] , is based on general relativity (GR) combined with cold dark matter and the cosmological constant. It explains nicely almost all observational data, in particular the accelerated expansion of the Universe [2, 3] . However, the nature and smallness of the cosmological constant is highly problematic as there is no natural way to generate such an extreme parameter [4] . Therefore, there are various competing models including new forms of matter [5, 6] , inhomogeneous cosmologies [7] and modified gravitation theories [8] . The alternative explanations are all constrained by local experiments showing that general relativity works well in stellar system and galactic scales. Therefore, the cause of the accelerated expansion must be restricted to large scales.
One widely studied class of modified gravity theories involves replacing the scalar curvature of the Einstein-Hilbert action by a more general function f (R). This leads to the equations of motion with fourth order derivatives in contrast to the second order differential equations of GR. A large number of different f (R) theories have been under scrutiny (see e.g. [9] [10] [11] [12] [13] ).
The most important characteristic of these models is the generated accelerated expansion.
The first proposed models were quickly discarded as problems arose with stability and solar system constraints. As studies have found theoretical and observational constraints on possible models (e.g. [14] ), the viable models have become more refined.
The challenge of f (R) theories is surviving the strict solar-system bounds and simultaneously creating the accelerated expansion at late times. These theories can be interpreted as introducing a scalar degree of freedom [15] which may cause considerable deviation from GR around the Sun. A viable model should therefore include a mechanism to hide the new effects on high curvature regimes [16] . This is achieved by f (R) models where the squared mass of the scalar is large in the large curvature region [17] . The same condition is set by the high-redshift observations of the cosmic microwave background (CMB) [18] .
Besides explaining the accelerated expansion, f (R) theories have been shown to have other benefits. It may be related to the early inflationary expansion of the Universe [19] .
Moreover, it has been shown that with modified gravity the rotation curves of spiral galaxies and the halos of the core clusters could be explained without dark matter [20] [21] [22] , and f (R) theories have also been shown to give possible solutions to problems related to other objects such as neutron stars [23] .
In the present article, we study some of the most successful f (R) theories by considering the structure formation. This is done using the Jeans instability analysis of self-gravitating systems, where e.g. star formation can be examined. Instabilities in self-gravitating systems were first studied by Jeans [24] . As this was before the advent of the general relativity, the analysis was restricted to non-relativistic, Newtonian gravity. Later on, Jeans analysis has been upgraded to use GR and some works have further extended it to modified gravity [25, 26] .
For f (R) models, it is possible to find further constraints for viable models [25] . We generalize the method and apply it to molecular clouds. These could offer a new class of objects to measure the viability of f (R) models as there is ample observational data on large molecular clouds [27] . However, the masses of large clouds are several magnitudes higher than the Jeans masses, but in the smaller Bok globules the cloud masses are close to the well-known Jeans limit. Therefore, the f (R) modified Jeans mass and the standard Jeans mass may yield different predictions on whether a globule is about to collapse.
II. EQUATIONS OF MOTION
In f (R) gravity the Einstein-Hilbert Lagrangian is not set a priori to be the linear f (R) = R. The function f (R) is an analytic function of the curvature scalar R. If we set the requirement of no higher derivatives than second degree, the function reduces to R and the Einstein-Hilbert Lagrangian is obtained. With a generalized function it is possible to find a better match to observations than the simplest choice, f (R) = R.
We consider general f (R) modifications to the Einstein-Hilbert action,
where χ = 8πG c 4 is the coupling of gravitational equations. The latter term L m is the minimally coupled matter Lagrangian. With f (R) = R the action would reduce to the standard Einstein-Hilbert action. There are several restrictions to the possible form of the function f (R) which are further discussed in section VII. The signature of the metric is −, +, +, +, the Riemann curvature tensor is R
βµ and the Ricci tensor is R µν = R α µαν . Using standard metric variational techniques we find the field equations and the trace equation
where
is the energy-momentum tensor and T = T α α . A prime is used to denote the derivatives with respect to R. As we are about to examine collapsing molecular clouds (i.e. relatively thin matter), we are going to use a weak field approximation for the metric. The background is assumed to be of de Sitter form with perturbations added to the diagonal elements [28] . In polar coordinates x µ = (t, r, θ, φ) = (t, x) we have a diagonal metric up to O(3) with
The expansion parameter is v, the velocity of a test particle 1 [29] . Note, that this form of metric tensor corresponds to the first order post-Newtonian approximation in quasiMinkowskian coordinates.
The perturbation in the temporal component of the metric, φ(t, x) corresponds to the Newton gravitational potential. It can be further broken up as φ(t, x) = φ 0 + Φ(t, x), where the constant φ 0 refers to the local environment around the object in question. For example,
for the galactic potential we would have φ 0 ≈ 2 × 10 −6 [30] (with c set to unity). For large scale considerations this constant term must be discarded as there is no constant background.
Due to the derivatives involved in calculating the curvature tensor and scalar, this constant term does not affect curvature.
The non-diagonal elements must have odd powers as the time reversal transformation (as well as other coordinate reflections) should change the sign. Therefore, they are at least of order O(3). For the case of a weak field limit, terms of O(3) and higher are discarded. The
Ricci scalar can be expanded around the background as
where R (n) denotes that the quantity is O(n). For de Sitter background R 0 = 4Λ. As the derivatives of f (R) appear in the equations of motion, we need an expansion for this function as well
which can be iterated for the desired order. In our case the first order is sufficient i.e.
. Not all the characteristics of f (R) models manifest at this order. However, in the scope of this paper, we concentrate on the lowest order effects on stability. If differences between GR and f (R) appear in a lower order, they are not likely to be canceled in higher orders. Inserting these into (2) we have in second order
1 The expansion parameter can be equivalently c −1 as the velocity appears as a combination v/c. As it is customary to set c = 1, we prefer v as the expansion parameter.
where ∇ 2 is the spatial flat Laplacian. The flatness of the Laplacian is due to the quasiMinkowskian nature of the metric [29] . In contrast to [25] , we have included the time derivatives as collapsing clouds are time-dependent and dynamic. For a viable f (R) theory to have a de Sitter solution, f (R)R = 2f (R) must hold. This is in order to achieve the cosmic acceleration. Observations (e.g. Planck results [31] ) show that the current evolution of the Universe is close to de Sitter behaviour. Therefore, the Λ background and the solution associated to it must exist as well as the solutions for the matter on the foreground. For the background the solution is f (R 0 )R = 2f (R 0 ). The deviation of the current curvature from the de Sitter space is due to the matter content, which is caused locally, as the curvature scalar is a local quantity. In the first order expansion [32] the Birkhoff theorem is valid and allows us to separate the background. This leads to cancellation of the last two terms in (11) .
With the same substitutions and R (0) tt = −Λ we look at the last two terms in (10) to find them equal to 2f (R 0 )Λ(φ 0 + Φ(t, x)). The dynamic term would be of higher order. The constant term is clearly small as well but deserves a closer look. As part of the background it effectively works as a source of curvature. In that sense it is best compared to the other sources, i.e. the energy momentum tensor on the right side of the equation.
The perturbation terms of the Ricci scalar and the tt component of the Ricci tensor can be calculated from the perturbed metric (4)
For the equations of motion the energy-momentum tensor must be defined. We use the perfect fluid form
with p being the pressure and ρ the mass density. As the molecular clouds consist of dust, we further set (p = 0) and obtain
On the right side of the equations, the elements of the energy-momentum tensor are of the zeroth order due to the coupling constant χ being second order. We have omitted the term −18f (R 0 ) .... Ψ as it is of higher order due to the multiple time derivatives and, therefore, being smaller.
The relation of the time derivatives and spatial derivatives and the order merits a mention. The derivatives have an effect on the expansion order (see [29] , chapter 9). The time derivatives raise the the order since
This calls for a question whether also second order perturbations should be included.
In the linear Jeans analysis the perturbations examined are arbitrarily small and we may assume Φ Φ 2 . It is also worth mentioning that while first order perturbations can cause second order perturbations to appear, the second order perturbations cannot cause first order perturbations to appear. For this reason we have not included quadratic terms in the Ricci tensor (12) and scalar (13) .
We can rescale (15) by dividing it with f (R 0 ) on both sides. This way, the effect of a chosen f (R) model is incorporated into the ratio f (R 0 )/f (R 0 ) and leads to a scaled gravitational constant χ/f (R 0 ). For simplicity we aim to set f (R 0 ) = 1.
For GR, we have f (R) = 1 and measurements of the gravitational constant indicate its relative error is δG/G < 1.2 × 10 −4 [33] .
the solar system results and the f (R 0 ) can be related. Since the perturbation R 1 by definition, the second term would be small as well, unless f (R 0 ) 1, which would cause physical anomalies. Therefore, the effective deviation
and we set f (R 0 ) = 1.
The value of the cosmological constant should be extremely small [4] . Therefore, the second term on the right side of (15) would be small as well. For dust clouds, such as the Bok globules, the ratio of the terms is
As the the galactic potential originates from the matter content of the Milky Way, the second term corresponds to a constant part of ρ. In the scale of a single dust cloud the background ρ is constant. It can also be argued that to this order the Birkhoff theorem can be applied in this weak field approach. In low orders of expansion and a static Ricci scalar (here, the galactic background), the Birkhoff theorem is valid [32, 34] . Therefore, the net effect on the globule would be negligible. On these grounds we remove the second term in the following treatment.
For f (R 0 ) = 0 with a static potentialΦ = 0 the standard Poisson equation of ∇ 2 Φ = 4πGρ is reached. In the Newtonian case the only perturbation considered is static Φ, omitting the spatial perturbation Ψ.
III. COLLAPSE IN A SELF-GRAVITATING COLLISIONLESS SYSTEM
A self-gravitating system of particles in equilibrium is described by a time-independent distribution function f 0 (x, v) and a potential Φ 0 (x). They are the solutions of the collisionless Boltzmann equation and the Poisson equation
Here v and x are spatial velocity and position vectors and the ∇ operates in the three spatial dimensions. In the Newtonian limit Φ 0 is just the gravitational potential of the metric (4).
Following standard methods (e.g. [35] ) we linearize these two equations and write them in Fourier space to obtain (for clarity we omit writing the variables)
We can now solve for
For the purposes of Jeans analysis, we need to consider small perturbations to the equilibrium and linearize the equations of motion. We write the mass distribution function (15) and write the equations in Fourier space to get the following equations
We have denoted f (R 0 ) = α, which conveys the effects of f (R) theories. From these two equations we can solve for
which can be inserted back into (25) to obtain
With the solved linearized matter distribution (24) we reach the dispersion relation
In the standard case, α = 0, the limit for instability is found at
Which is called the Jeans wavenumber. With this we can define the Jeans mass as the mass which was initially inside a sphere of diameter λ J :
The Jeans length λ J is the limit beyond which the perturbations are unstable, experiencing exponential growth. On the other hand λ J < 2π/k J perturbations in stellar systems the response is strongly damped even though the system contains no friction [35] . The Jeans mass, however, is more useful for our purposes of probing the stability of interstellar clouds.
If the mass of the cloud exceeds Jeans mass M J , it will collapse.
IV. JEANS INSTABILITY LIMIT IN THE f (R) CASE
To discuss the case f (R 0 ) = 0 we return to the dispersion relation (29) . It can be recast into (see the appendix IX A for details)
and ω I = −iω. The left side is a bounded monotonously decreasing function in respect with x. The limit for instability is found at ω = ω I = x = 0 where the left side of (32) reduces to unity.
which can be simplified into αk
If α = 0, the equation would be of lower order and produce only the standard solution. If α = 0, several solutions are possible. Besides the apparently excluded case −1/3k 2 < α < −1/4k 2 where k 2 would be negative, (33) can be solved for
M J± = 6αk
To reach a real mass the expression inside the brackets must be positive. It is apparent that for the β − solution, we must have β < 0 to avoid complex masses. This equation describes the relation of standard GR Jeans mass for a self-gravitating stellar system and one described with f (R) gravity.
A. Solutions for non-zero ω
The dispersion equation (32) can be solved with ω = 0 to get the instability limit (34) but there might be other solutions as well. The physical meaning of these ω = 0 solutions merits a brief inspection.
Solving the dispersion equation for k(ω) is difficult and unnecessary. Examination of the derivatives on both sides of the equation (32) is sufficient to reveal the existence of at least one non-zero solution.
These non-zero ω solutions are also present in the standard case of α = 0. If we examine a case in which k = k J − δk, we notice that this corresponds to a mass slightly over the Jeans mass, M = M J + δM . In the mean time, this k would require a non-zero ω for the dispersion relation to hold. The physical interpretation is, that when the object (e.g. a dust cloud) has a mass exceeding the Jeans mass, it will collapse even if it has a small initial radial velocity.
These non-zero solutions would appear at high values of ω. However, the original expansion around the background would break upon leaving the neighborhood of ω = 0. For this reason it is possible to examine only the case of ω = 0.
B. Characterization of k − and k +
In the standard case of Jeans stability analysis, there is only one limit for unstable modes.
With a more general f (R) case the situation changes and there are possibly two limits for instability (35) . The appearance of other limits is in a way expected as f (R) theories allow for an additional degree of freedom (see it e.g. [36, 37] ) which is perhaps best illustrated through the scalar-tensor theory equivalence. The physical significance of these two limits must be addressed.
The standard Jeans mass should be recovered with f (R) = R which corresponds to α = 0.
Upon examining (34), this is leads to k For negative α the situation is more interesting as there are two positive solutions for k 2 .
The new solution k − would produce a considerably lower limit, converging to zero at α = 0.
The physical meaning of this limit must be addressed. If it translates into a lower limit for collapse, the effects for e.g. star formation would be observable. The k + solution refers to higher Jeans mass than standard case. In this case the expansion of the cosmic background counteracts the collapse.
The limit for instability was found earlier by setting ω = 0, i.e. the mass distribution is time-independent, stable. All the contracting modes must fulfill the dispersion equation (32) . This is the case for k < k + as in the standard case. However, for k > k − there are no solutions (32) . The left side of the equation is monotonous and has an upper limit 1. The right side has values over 1 when α < 0 and k > k − .
As the dispersion relation does not hold with k > k − , the limit k − is not a limit for collapsing modes. However, the with ω = 0 this corresponds to a stable mode. There are three forces in action in a collapse scenario, mass causing the collapse, thermal movement keeping it apart and, with an f (R) model, the background effect. With k > k + the mass is not sufficient to counteract the thermal movement, so the the mass distribution, e.g. a dust
cloud, starts to oscillate, with non-zero ω.
As can be observed from (32), temperature does not appear explicitly in the dispersion relation with ω = 0. Thus, for k − the balancing forces are mass and the expansion of the background. With non-zero ω the equation will not hold. It would require extreme finetuning to reach this state and would be lost due any external perturbation. Therefore, it will not be physically meaningful. One more reason to discard the k − solution is the DolgovKawasaki instability, which is covered in section VII. With the Dolgov-Kawasaki instability and non-negativity of the Jeans mass both α > 0 and α < 0 are denied for k − . For these reasons we restrict to β + andM J+ for the following treatment and omit the subscript signs.
Even though in our case there remains only the modified Jeans mass and one instability, in other situations these new instabilities might endure. In [38] instabilities and collapse were studied in oscillating backgrounds. These situations demand the inclusion of higher order derivative terms in the equations of motion. This difference allows for different instabilities to manifest in situations like black hole formation.
V. COMPARISON OF JEANS MASSES IN GR AND f (R) MODELS
We derive the range within which f (R) models fall compared to the GR. Using the definition of Jeans mass (31) and the derived f (R) Jeans mass (35) we can writẽ
If we are to examine star formation, ρ 0 is the interstellar medium density (ISM) and σ is the velocity dispersion of particles due to temperature,
with n H being the number of particles, µ the mean molecular weight (check [39] for values in molecular clouds), k B the Boltzmann constant and m H the proton mass. With these we compute the behaviour ofM J for a given f (R) model described by β
The asymptotic value for β → ∞ and β → 0 are easily found to be
Therefore for β, inserting the values of the constants,
We see now, that f (R) gravity can cause a considerably lower limit for gravitational collapse.
For theories with positive β + , this would assist in star formation. For negative values, the effect is inverse and would lead to reduced star formation. In the following section we will use compare these limits to observations of Bok globules.
VI. JEANS MASS LIMIT IN BOK GLOBULES
Bok globules are clouds of interstellar gas and dust. These dark clouds are relatively hard to spot and therefore all the observed globules are located nearby, on the galactic scale. The cloud cores are cold at temperatures of around 10K. Most of the observed globules are isolated and of simple shape. Masses of these globules tend to be less than 100M with many around 10M . This is considerably less than the large molecular clouds in the Milky Way, which are several orders of magnitude greater (e.g. [27] ).
Bok globules have masses and the corresponding Jeans masses of the same order. Therefore, we can observe Bok globules for which the classic Jeans mass and the f (R) corrected
Jeans mass give a different prediction for stability. There are observations of hundreds of globules [40] [41] [42] , with estimates of the total number of globules in the Milky Way at tens of thousands [43] . It has been found [40, 44, 45] that most of the Bok globules experience star formation with one or more star forming cores.
The formation of the globules themselves is a process not well understood. It is possible that they form as condensations of diffuse gas in relative isolation. Another explanation is that the globules form as dense cores of larger interstellar clouds [46] . This agrees with the greater density. The presence of large external masses of stellar winds may also play a role in starting the collapse and star formation.
The observation of Bok globules is somewhat problematic. Extensive tables on their properties are not yet readily available. The kinetic temperatures are calculated from ammonia observations [41] . With excitation and kinetic temperatures known, the molecular hydrogen number density can be found. The reported masses are calculated for the globule cores assuming homogeneous distribution and spherical symmetry. However, the majority of globules as a whole are not spherical but elliptical [40] .
For these reason the physics of Bok globules are not yet completely understood. For our purposes of looking into the stability of the clouds, the observations are sufficient as a demonstration for the viability of the method. Better accuracy in measurements of density and temperature would provide for a more accurate study. A more accurate modeling of the collapse would also take into account other forces, such as magnetic or turbulent. Nevertheless, the following will serve as a feasibility study on using Bok globules for constraints.
The chosen globules are the ones in [41] which have calculated kinetic temperatures, hydrogen number densities and masses. The dark cloud names are those given in [47] . For our purposes of comparing the Jeans masses, we use the observational data from several Bok globules in [48] .
The listed errors in parameters are 1σ deviations. The reported temperatures are effective temperatures which include the kinetic and the turbulent nonthermal component [48] .
We notice that the modified f (R) Jeans masses offer better agreement than the conventional Jeans masses. In four of the globules, (CB 110, CB 131, CB 188 and FeSt 1-457) the mass exceeds the modified Jeans mass for some of the theories but not the conventional Jeans mass. In fact only one of the observed globules, CB 134, has a mass exceeding the conventional Jeans mass. Clearly, having a lower limit for the collapse due to f (R) gravity TABLE I . For selected Bok globules we present the name, kinetic temperature, particle number, mass, conventional Jeans Mass, lowest possible Jeans mass due to f (R) gravity, stability prediction from Jeans mass and stability reported in [48] . Masses are in the units of solar masses M . MD stands for the case where the prediction depends on the chosen f (R) parameter.
agrees with observations.
There is a disagreement on three globules, (CB 161, CB 184 and Lynds 495). Even though the mass of the globule is lower than the critical mass, a collapse can occur. In these cases however, it is due to some external force, e.g. a shock wave from a supernova.
According to [48] the globules with disagreement (CB 161, CB 184 and Lynds 495) in the prediction are "marginally unstable" which is a state with a considerably longer lifetime. These perturbations take considerably more time to dissipate. During that time some external force to begin the collapse is more likely to take place. Therefore, it is not directly contradictory to our findings.
The globule CB 188 is found to have a protostar. As the prediction for this globule depends on the chosen f (R) theory, it supports the f (R) modified Jeans mass which can also been seen in VI. The conventional zone for collapse is within the error of the measured mass of CB 188, but the collapse better fits the modified Jeans mass. For the globule mass to be sufficient the Jeans mass modification coefficient should be β < 0.93. With the definition of the Jeans mass (30) we have for this globule
The most interesting globule in the sample is FeSt 1-457, for which the non-altered Jeans mass is well above the observed mass even with the error taken into account. For FeSt 1-457 the coefficient would be the even lower β < 0.78 at the best estimate and the same as for CB 188, β < 0.93, for the upper limit. With the upper limit we would have a constraint for In this sense the f (R) modified Jeans mass appears to better predict the collapse of globules. As the mass necessary to make clouds collapse is less, this has an effect on the forces holding the collapse at bay. This would imply that the counteracting forces, e.g.
turbulence, do not need to be as strong in molecular clouds as with conventional Jeans mass.
We stress that this is not a stringent constraint for f (R) theories. As it is produced by a single data point, it rather serves as a feasibility study. With a larger dataset, preferably with smaller error bars, it is possible to find a constraint for f (R) models and other types of modified gravity as well.
VII. CONSTRAINTS FOR f (R) MODELS
In this section we take a look at specific f (R) models which are considered viable. The treatment of the previous chapter is subjected to these models. In the literature, there are numerous general constraints on viable models. First we take a look at these known constraints.
There are several necessary conditions for f (R) models to satisfy [49] . Some of the conditions are based on mathematical properties and some are related to observations of the Universe. Some of the most simple and fundamental ones are the ghost and the DolgovKawasaki criteria. To avoid ghosts and anti-gravity the condition f (R) > 0 is necessary [11] . The Dolgov-Kawasaki singularity is avoided with f (R) > 0 [14] .
The Dolgov-Kawasaki criterion effectively rules out the somewhat unambiguous solutions of k − . It should be noted that this criterion must be satisfied at R ≥ R a , where R a is the present day curvature. On examining perturbations on a Minkowskian background as in [25] , these constraints do not need to hold and the k − solution is not ruled out.
Most cosmological constraints come from far-away objects such as supernovae [3] and large scale structures [2, 50] but nearby objects can be considered as well. Several types of astrophysical objects have been considered for constraints in the literature [30, 51] . These include cepheids, red giant stars, water masers and relatively closer dwarf galaxies [52] [53] [54] .
Next we will examine some specific f (R) models and the constraints set by the globule observations.
A. Hu-Sawicki model
The Hu-Sawicki models produce the accelerated expansion and satisfy both cosmological and solar-system constraints. There are three parameters, for which there are some constraints. The f (R) function reads as
The critical curvature R c is of the order of the present day curvature. The larger the n the longer the model mimics ΛCDM. It has been found that there is also a lower limit for n > 0.905 [49] and in [55] it is found that for n = 1 the λ must be large λ 20.
The only non-zero values for f (R 0 ) are with n = 1/2 and n = 1/4. These are both ruled out by the condition λ > 0.905. For all viable Hu-Sawicki models, the Jeans limit is the same as for GR.
B. Starobinsky model
The Starobinsky model [11] is of the form
This yields the condition 2nλ/R 0 > 1.3 × 10 −31 m −2 for the globule FeSt 1-457. In [11] it is found that n ≥ 0 and λ > 8/3 √ 3. As the R 0 is of the order of the cosmological constant, i.e.
very small, the condition is necessarily satisfied. The Starobinsky model exhibits assisted star formation due to the added f (R) effects.
Both the Starobinsky model and the Hu-Sawicki model have similar expansions in the high curvature regime. These lead to a condition n > 0.9 [56] . The shared condition is due to the similar expansion.
In the Appleby-Battye model the f (R) is tailored to agree with the cosmology constraints as well as the stability issues. The form is
with a and b being the model parameters. This leads to f (R) = a 2 sech 2 (aR − b). In [13] , it is found that a ≈
which in turn implies that roughly b < 78. Another constraint is that 8e 
D. Tsujikawa model
The Tsujikawa model is described by
with R c and λ being positive model parameters. The Tsujikawa and Appleby-Battye models have similarities, but for the purposes of our treatment, the behaviour is different. This model has f (R 0 ) = 0. Therefore, the Tsujikawa yields the same predictions for collapse in the globules as the conventional GR gravity.
VIII. CONCLUSIONS
We have examined the effects of f (R) gravity on collisionless collapse, especially the limit of instability. The mass distribution is allowed to be time-dependent to better describe a collapse event. The examination is based on de Sitter background with perturbations.
We have found that with the addition of f (R), the limit for collapse can be different. It is also found that with certain models, for which f (0) < 0 a new limit is present. This second limit is found to have no physical consequences and is ruled out due to the Dolgov-Kawasaki instability with present day curvatures.
In reference [25] an analysis similar to ours is done. However, the f (R) parameter is
and the background is also taken to be Minkowskian. These are unnecessary constraints on the models, restricting to a fixed Jeans limit. Therefore, our results are more general.
It is found that f (R) models can affect star formation by lowering the limit for collapse.
For viable models the result is assisted star formation. This is in agreement with the observed collapse behaviour in Bok globules. The globules experience star formation at rates higher than standard Jeans analysis would suggest.
The effects of f (R) on Jeans mass are constrained for models passing the Dolgov-Kawasaki criterion. We find the lower limit for Jeans mass that a model could reach. The upper limit coincides with GR. In the extreme a modification can lower the required mass for collapse by around one third.
The modified Jeans limit, as well as the standard limit, are found to be of the order of Bok globules. These gas clouds and their collapse behaviour can be examined for agreement with f (R) modified predictions.
We have used a small test sample of Bok globules to demonstrate that it is possible to obtain a constraint for some f (R) models. This constraint is based on lowering the collapse to a level agreeing with the amount of protostars in Bok globules. With a larger data set and better understanding of the physics in these clouds, a strong limit might be obtained.
In our linearized approach, not all the characteristics of f (R) models are present. It is also possible, that in a higher order, more theories would experience changes to stability.
However, it is unlikely that these further changes would cancel the phenomena caused by the lower order terms.
Some of the examined viable f (R) models revert to the standard GR value in regard of the modified Jeans limit. This is due to the modifications to the Jeans limit appearing only as f (R) = 0. The Hu-Sawicki model and the Tsujikawa model do not experience any modifications as their acceptable parameter space does not allow for f (R 0 ) = 0.
The Starobinsky model allows for the modified Jeans limit, which fit the observations well.
For the Appleby-Battye model we find to obtain a considerably lower Jeans mass, which would better fit observations, the constraints on the model become even more stringent.
A more detailed collapse model, including e.g. turbulence, could provide a more accurate limit. Understanding the effects of modified gravity in star formation could lead to better understanding of the demands for a viable gravity theory.
The methodology we have developed in this article can be applied to more extensive datasets on Bok globules as they become available. Similar treatment can also be subjected to protogalaxies (in reference [57] galactic disks are examined). Perhaps the most interesting possibility is to extend a similar treatment to other modified gravity theories such as scalartensor gravity. The effects on Jeans mass are likely to appear due to most modifications.
Theories that raise Jeans mass inhibit star formation and therefore, are not favored by observations.
IX. APPENDIX A. Dispersion relation integral
We examine the integral part of the dispersion relation
(1 + 4αk 2 )(k 2 − 3ω 2 ) = 0 (50)
The distribution of particle speeds in a stellar system follows the Maxwell-Boltzmann distribution. Therefore, we have for the background matter distribution f 0 (v)
The coordinate system is arbitrary and we are free to choose k = (k, 0, 0):
We make a substitution of v x = √ 2σx to reach
The problematic part is the singularity at x = ω/ √ 2σk. Depending on ω, whether it is imaginary or not, the integration path must be chosen accordingly. We are interested in the unstable modes for which Im(ω) > 0, which is also the most simple case. We notice that the integral has a close resemblance to a plasma dispersion function (e.g. [35] 
This can be used to solve the integral in I xe −x 2
x − w dx = 1 + wZ(w).
The imaginary part of wZ(w) must vanish for the dispersion relation to be satisfied. For that to happen, we must have Re(w) = 0. We further mark ω = iω I and write the plasma dispersion function in a different form ( 
